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In the diagram below, I have sketched out the four great realms of mechanics: 
I Classical Mechanics I Quantum Mechanics | 


Special Relativity Quantum Field Theory 


Newtonian mechanics is adequate for most purposes in “everyday life" but for 
objects moving at high speeds (near the speed of light) it is incorrect, and must 
be replaced by special relativity (introduced by Einstein in 1 905); for objects that 
are extremely small (near the size of atoms) it fails for different reasons, and is 
superseded by quantum mechanics (developed by Bohr, Schrodinger, Heisenberg, 
and many others, in the 1920’s, mostly). For objects that are both very fast and 
very small (as is common in modern particle physics), a mechanics that com- 

chanics is known as quantum field theory— it was worked out in the thirties and 
forties, but even today it cannot claim to be a completely satisfactory system. 
In this book, save for the last chapter, we shall work exclusively in the domain 
of classical mechanics, although electrodynamics extends with unique simplic- 
ity to the other three realms. (In fact, the theory is in most respects automat- 


Four Kinds of Forces 

Mechanics tells us how a system will behave when subjected to a given force. 
There are just four basic forces known (presently) to physics: I list them in the 
order of decreasing strength: 






























Example 1.4. Suppose the functions in Fig. 1 . 1 8 are v„ = e = * x + y y + z i 
\ b = z, and v, = z z. Calculate their divergences. 

Solution 

V ■ v„ = + TjjOO + = 1 + 1 + 1 = 3. 

As anticipated, this function has a positive divergence. 

V . y b = |-(0) + ^(0) + ^(1) = 0 + 0 + 0 = 0, 

as expected. 






rule for multiplying by a constant: 

product rule: 

the quotient rule: 

Similar relations hold for the vector derivatives. 1 
V(/ + g) = V/ + Vg, V,(A + B) = 
Vx(A + B) = (VxA) + (V 


- r (fg) = f± + g± 




V(*/) = k\f , 


= i(V • A). 












1 .3 Integral Calculus 


(i) x = 2 » da = dydzx, \da = Ixzdydz = 4 zdydz, so 

yVda = 4jf dyjf zdz = 16. 

(ii) JT = 0, da = -dydzx, v • da = -Ixzdydz = 0, so 

/ v • da = 0. 

(iii) y = 2, da = dxdzy, v • da = (jr + 2)dxd*, so 

/ ''' da = l (x + 2)dx j* dz = X2 - 

(iv) v = 0, da = -dxdzy. vda = -(jr + 2) d* dz. so 

/ Y da = ~l (x + 2)dx f dz = ~ x2 - 

(v) z = 2, da = dxdyz, v - da = y{z 2 - J) dxdy = ydx dy, so 

f vda =l dx L ydy=4 - 

The total flux is 

v da = 16 + 0+ 12- 12 + 4 = 20. 


(c) Volume Integrals. A volume integral is an expression of the form 

//dr, (LSI) 

sian coordinates, ^’ aBe 

dr = dx dy dz, (1.52) 

For example, if 7 is the density of a substance (which might vary from point to 
point), then the volume integral would give the total mass. Occasionally we shall 

/vdr = j(v x x + v,y + v t z)dz = */ Mr +y j % dr + zj „ 2 dr; 

(1.53) 

because the unit vectors (x, y, and z) are constants, they come outside the integral. 


















1 .3 Integral Calculus 


Integrating both sides, and invoking the fundamental theorem: 

That’s integration by parts. It applies to the situation in which you are called upon 
to integrate the product of one function (/) and the derivative of another (g); it 
says you can transfer the derivative from g to f, at the cost of a minus sign and a 
boundary term. 

Example 1.12. Evaluate the integral 

Solution 

The exponential can be expressed as a derivative: 



in this case, then, f(x) = x, g(x) = -e \ and df/dx = 1, so 

i;-. 

We can exploit the product rules of vector calculus, together with the appro- 
priate fundamental theorems, in exactly the same way. For example, integrating 

V(/A) = /(V-A) + A.(V/) 
over a volume, and invoking the divergence theorem, yields 

J V(/A)dr = J /(V • A) dr + J A (V/)dr = j /Ada, 


^/(VA)dr = -^A(V/)dr + ^ /A da. (1.59) 
Here again the integrand is the product of one function (/) and the derivative (in 










1 .5 ■ THE DIRAC DELTA FUNCTION 








The Dirac Delta Function 


Changing variables, we let y = kx, so that x = y/k, and dx = l/kdy. If k is 
positive, the integration still" runs from -oo to +oo, but if k is negative, then 
jt = oo implies y = -oo, and vice versa, so the order of the limits is reversed. 
Restoring the “proper” order costs a minus sign. Thus 

/” mHkx)dx = ± jT f(y/k)t(y)Y = ±£/(0) = j^/(0). 

(The lower signs apply when k is negative, and we account for this neatly by 
putting absolute value bars around the final k, as indicated.) Under the integral 
sign, then, S(kx) serves the same purpose as (l/|ifc|)S(jc): 


Problem 1.44 Evaluate the following integrals: 


(c) f*x 3 8(x+l)dx. 

(d) JZ,ln(x + 3)S(x + 2)dx. 


(b) fo(x 3 +3x +2)8(1 -x) 

(c) f',9x*S(3x+l)dx. 

<d) J^S(x-b)dx. 







(a) /(r 2 + r • a + a 2 )5 3 (r - a) dr, where a is a fixed vector, a is its magnitude. 


(b) / v |r - b| 2 S 3 (5r)</r, where V is a cube of side 2, centered on the origin, and 
b = 4y + 3z. 

origin, c = 5 x + 3 y + 2 z, and c is its magnitude. 

(d) f v r • (d - r)5 3 (e - r) dr, where d = (1, 2, 3), e = (3, 2, 1 ), and V is a sphere 
of radius 1 .5 centered at (2, 2, 2). 





1.6 ■ THE THEORY OF VECTOR FIELDS 
1 .6.1 ■ The Helmholtz Theorem 

Ever since Faraday, the laws of electricity and magnetism have been expressed 
in terms of electric and magnetic fields. E and B. Like many physical laws, 



































FIGURE 2.25 FIGURE 2.26 

charge density p (Fig. 2.27). Find the electric field, as a function of y, where y = 0 
and negative when it points in the -y direction. 

Problem 2.18 Two spheres, each of radius R and carrying uniform volume 
charge densities +p and -p. respectively, are placed so that they partially overlap 







































I CONDUCTORS 
I Basic Properties 

In an insulator, such as glass or rubber, each electron is on a short leash, attached 
to a particular atom. In a metallic conductor, by contrast, one or more electrons 




















3 


Potentials 


3.1 ■ LAPLACE'S EQUATION 
3.1.1 ■ Introduction 

The primary task of electrostatics is to find the electric field of a given stationary 
charge distribution. In principle, this purpose is accomplished by Coulomb’s law 
in the form of Eq. 2.8: 

E(r) = 4n€o / h P ^ )dX ' (3.1) 

Unfortunately, integrals of this type can be difficult to calculate for any but the 
simplest charge configurations. Occasionally we can get around this by exploiting 
symmetry and using Gauss’s law, but ordinarily the best strategy is first to calcu- 
late the potential, V, which is given by the somewhat more tractable Eq. 2.29: 

= 4^T 0 J (3-2) 

Still, even this integral is often too tough to handle analytically. Moreover, in prob- 
lems involving conductors p itself may not be known in advance; since charge is 
free to move around, the only thing we control directly is the total charge (or 
perhaps the potential) of each conductor. 

In such cases, it is fruitful to recast the problem in differential form, using 
Poisson’s equation (2.24), 



which, together with appropriate boundary conditions, is equivalent to Eq. 3.2. 
Very often, in fact, we are interested in finding the potential in a region where 
p ■ 0. (If p — 0 everywhere, of course, then V = 0, and there is nothing further 
to say — that’s not what I mean. There may be plenty of charge elsewhere, but 
we’re confining our attention to places where there is no charge.) In this case, 
Poisson’s equation reduces to Laplace’s equation: 


(3.4) 

























verted into two ordinary differential equations (3.26). The advantage of this is 
obvious — ordinary differential equations are a lot easier to solve. Indeed: 

X(x) = Ae kx + Be~ kx , Y(y) = C siniy + Deo iky. 


V(x, y) = (Ae*' + Be~* x )(C sin ky + D cosky). (3.27) 



























and there is no charge inside or outside the sphere. Show that the charge density < 
the sphere is given by 

V(t>) = || ; + I) ! C,P,(cos0). (3.8 
























in Sect. 1.5.1 ) that the point r = 0 would 
Problem 3.49 In Ex. 3.9, we obtained the 
charge a (0) =kcos6. In Prob. 3.30, yoi 
side; it’s uniform inside (Eq. 3.86). Show I 

Problem 3.50 
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4 


Electric Fields in Matter 


4.1 ■ POLARIZATION 

4.1.1 ■ Dielectrics 

In this chapter, we shall study electric fields in matter. Matter, of course, comes 
in many varieties— solids, liquids, gases, metals, woods, glasses— and these sub- 
stances do not all respond in the same way to electrostatic fields. Nevertheless, 
most everyday objects belong (at least, in good approximation) to one of two large 
classes: conductors and insulators (or dielectrics). We have already talked about 
conductors; these are substances that contain an “unlimited” supply of charges 
that are free to move about through the material. In practice, what this ordinarily 
means is that many of the electrons (one or two per atom, in a typical metal) are 

by contrast, all charges are attached to specific atoms or molecules — they’re on 
a tight leash, and all they can do is move a bit within the atom or molecule. Such 
microscopic displacements are not as dramatic as the wholesale rearrangement 
of charge in a conductor, but their cumulative effects account for the characteris- 
tic behavior of dielectric materials. There are actually two principal mechanisms 
by which electric fields can distort the charge distribution of a dielectric atom 
or molecule: stretching and rotating. In the next two sections I’ll discuss these 


4.1.2 ■ Induced Dipoles 

What happens to a neutral atom when it is placed in an electric field E? Your 
first guess might well be: "Absolutely nothing— since the atom is not charged, the 
field has no effect on it” But that is incorrect. Although the atom as a whole is 
electrically neutral, there is a positively charged core (the nucleus) and a nega- 

the atom are influenced by the field: the nucleus is pushed in the direction of the 
field, and the electrons the opposite way. In principle, if the field is large enough, 
it can pull the atom apart completely, “ionizing” it (the substance then becomes 
a conductor). With less extreme fields, however, an equilibrium is soon estab- 
lished, for if the center of the electron cloud does not coincide with the nucleus, 
these positive and negative charges attract one another, and that holds the atom 
together. The two opposing forces — E pulling the electrons and nucleus apart, 
their mutual attraction drawing them back together — reach a balance, leaving the 
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(Fig. 4.16). I know I must average the true (microscopic) Held over an appropriate 
volume, so let me draw a small sphere about r. of radius. say. a thousand times 
the size of a molecule. The macroscopic field at r. then, consists of tw. < pans: the 
average field over the sphere due to all charges outside, plus the average due to all 

E = E M + E in . 

You proved in Prob. 3.47(d) that the average field (over a sphere Juced by 
charges outside, is equal to the field they produce at the center, so K, ' the field 
at r due to the dipoles exterior to the sphere These ate tor eu. 
can safely use Eq. 4.9: 

V<- = _L j ,4.17) 

The dipoles inside the sphere are too close to treat in (his fashion lint nunately 
all we need is their average field, and that, according to Eq. 3.105. n 



regardless of the details of the charge distribution within the sphere lire only 
relevant quantity is the total dipole moment, p = ( i;r * 1 ) P: 



FIGURE 4.1 


(he geometry of the averaging region, and this is reflected in the final answer, 
Eq. 4.19. Presumably one could reproduce the same argument for a cube or an 
ellipsoid or whatever— the calculation might be more difficult, but the conclusion 


4.3 ■ THE ELECTRIC DISPLACEMENT 




and Gauss’s law can be safely applied every where. At any rate, the integral 
(Eq. 4.23) is free from this “defect.” 





no free charge in the problem.) Find the electric field in all three regions bj 



(a) Sphere (b) Needle (c) Wafer 


FIGURE 4.18 


Prob. U6). The surface bound charge is precisely this term— in this sense it is actually indue 
p h . but we ordinarily prefer to handle it separately as a b . 



4.4 ■ LINEAR DIELECTRICS 
4.4.1 ■ Susceptibility, Permittivity, Dielectric Constant 

In Sects. 4.2 and 4.3 we did not commit ourselves as to the cause of P; we dealt 
only with the effects of polarization. From the qualitative discussion of Sect. 4.1, 
though, we know that the polarization of a dielectric ordinarily results from an 
electric field, which lines up the atomic or molecular dipoles. For many sub- 
stances. in fact, the oolarization is proportional to the field, provided E is not 

4.30) 









Neon 

Hydrogen (H 2 ) 

Air (dry) 

Nitrogen (N 2 ) 

Water vapor (100° C) 


Dielectric 

Constant 


.000065 

.00013 

.000254 

.000517 

.000536 

.000548 

.00589 


Material 

Benzene 

Diamond 

Salt 

Methanol 

Water 

Ice (-30° C) 
KTaNbO, (0° C) 


Constant 

T28 

5.7-5.9 

5.9 


11.7 

33.0 

80.1 



TABLE 4.2 Dielectric Constants (unless otherwise specified, values given are for 1 atm. 
20° C). Data from Handbook of Chemistry and Physics, 91 st ed. (Boca Raton: CRC Press, 


Example 4.5. A metal sphere of radius a carries a charge Q (Fig. 4.20). It is 
surrounded, out to radius b, by linear dielectric material of permittivity e. Find 
the potential at the center (relative to infinity). 

Solution 

To compute V, we need to know E; to find E, we might first try to locate the 
bound charge: we could get the bound charge from P, but we can't calculate P 
unless we already know E (Eq. 4.30). We seem to be in a bind. What we do know 
is the free charge Q, and fortunately the arrangement is spherically symmetric, so 
let’s begin by calculating D. using Eq. 4.23: 

D = ^jf, for all points r > a. 

(Inside the metal sphere, of course, E = P = D = 0.) Once we know D, it is a 
trivial matter to obtain E, using Eq. 4.32: 




FIGURE 4.20 













FIGURE 4.28 







■ Dielectrics 
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well— but when dielectrics are involved, there are two quite different ways one 
might construe this process: 


1 . We bring in all the charges (free and bound), one by one, with tweezers, and 
glue each one down in its proper final location. If this is what you mean by 
' assemble the system,” then Eq. 4.55 is your formula for the energy stored. 
Notice, however, that this will not include the work involved in stretching 
and twisting the dielectric molecules (if we picture the positive and nega- 
tive charges as held together by tiny springs, it does not include the spring 
energy, \kx 2 , associated with polarizing each molecule). 18 

2. With the unpolarized dielectric in place, we bring in the free charges, one by 
one, allowing the dielectric to respond as it sees fit. If this is what you mean 
by "assemble the system” (and ordinarily it is, since free charge is what we 
actually push around), then Eq. 4.58 is the formula you want. In this case 
the “spring” energy is included, albeit indirectly, because the force you must 
apply to the free charge depends on the disposition of the bound charge; as 
you move the free charge, you are automatically stretching those “springs.” 


Example 4.9. A sphere of radius R is filled with material of dielectric constant f , 
and uniform embedded free charge p/. What is the eneigy of this configuration? 

Solution 

From Gauss's law (in the form of Eq. 4.23), the displacement is 


gy (Eq. 4.55) is 
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Magnetostatics 


5.1 ■ THE LORENTZ FORCE LAW 
5.1 .1 ■ Magnetic Fields 

Remember the basic problem of classical electrodynamics: We I 
of charges q i, q 2 , «3. • • ■ (d* “source” charges), and we want to ct 
they exert on some other charge Q (the "test" charge). (See Fig. 
to the principle of superposition, it is sufficient to find the force o 
charge— the total is then the vector sum of all the individual foi 
we have confined our attention to the simplest case, electrostati 
source charge is at rest (though the test charge need not be). Thi 
to consider the forces between charges in motion. 

To give you some sense of what is in store, imagine that I set 
demonstration: Two wires hang from the ceiling, a few centime 
I turn on a current, so that it passes up one wire and back dov 
wires jump apart — they evidently repel one another (Fig. 5.2(; 
explain this? You might suppose that the battery (or whatever dr 
is actually charging up the wire, and that the force is simply due 
repulsion of like charges. But this is incorrect. I could hold up a 

neutral. (It’s true that electrons are flowing down the line — that’ 
is — but there are just as many stationary plus charges as movinj 
on any given segment.) Moreover, if I hook up my demonstratic 
the current flow up both wires (Fig. 5.2(b)), they are found to att\ 



Lorentz Fore 



directions repel. 


Whatever force accounts for the attraction of parallel currents and the i 
of antiparallel ones is not electrostatic in nature. It is our first encount 
magnetic force. Whereas a stationary charge produces only an electric 1 
the space around it, a moving charge generates, in addition, a magnetic 
In fact, magnetic fields are a lot easier to detect, in practice — all you i 




I 

















the current density J at any point (r, 0, </>) within the sphere. 

Problem 5.7 For a configuration of charges and currents confined within a volume 
V, show that 

j^Jdr= dp/dr, (5.31) 


5.2 ■ THE BIOT-SAVART LAW 
5.2.1 ■ Steady Currents 

Stationary charges produce electric fields that are constant in time; hence the term 
electrostatics. 8 Steady currents produce magnetic fields that are constant in time; 
the theory of steady currents is called magnetostatics. 

Stationary charges => constant electric fields: electrostatics. 

Steady currents =S constant magnetic fields: magnetostatics. 

By steady current I mean a continuous flow that has been going on forever, 
without change and without charge piling up anywhere. (Some people call 
them “stationary currents”; to my ear, that’s a contradiction in terms.) Formally, 
electro/magnetostatics is the regime 



at all places and all times. Of course, there’s no such thing in practice as a truly 
steady current, any more than there is a truly stationary charge. In this sense. 





















The Divergence and Curl of B 
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away. With this in mint 
Fig. 5.37. Loop 1 lies 
and b from the axis: 


id, let’s apply Ampere's law to th 
entirely outside the solenoid, wi 


/ B '‘ 


I = [B(a) - B(b)]L ■■ 



B(a) = B(b). 

Evidently the field outside does not depend on the distance from the axis. But we 
agreed that it goes to zero for large s. It must therefore be zero everywhere'. (This 
astonishing result can also be derived from the Biot-Savart law, of course, but it’s 
much more difficult. See Prob. 5.46.) 

As for loop 2, which is half inside and half outside. Ampere’s law gives 

j> B dl = BL = /To/enc = tM/llL, 


where B is the field inside the solenoid. (The right side of the loop contributes 
nothing, since B = 0 out there.) Conclusion: 


(5.59) 


Notice that the field inside is uniform — it doesn’t depend on the distance from 
the axis. In this sense the solenoid is to magnetostatics what the parallel-plate 
capacitor is to electrostatics: a simple device for producing strong uniform 
fields. 


Like Gauss’s law, Ampere’s law is always true (for steady currents), but it is 
not always useful. Only when the symmetry of the problem enables you to pull B 
outside the integral § B • dl can you calculate the magnetic field from Ampbre’s 

to fall back on the Biot-Savart law. The current configurations that can be handled 
by Ampbre’s law are 

1 . Infinite straight lines (prototype: Ex. 5.7). 

2. Infinite planes (prototype: Ex. 5.8). 

3. Infinite solenoids (prototype: Ex. 5.9). 

4. Toroids (prototype: Ex. 5-10). 

The last of these is a surprising and elegant application of Ampere’s law. As in 
Exs. 5.8 and 5.9. the hard part is figuring out the direction of the field (which we 
will now have done, once and for all, for each of the four geometries); the actual 
application of Ampere’s law takes only one line. 









Magnetic 
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Magnetic Fields in Matter 


L. 


6.1 ■ MAGNETIZATION 


imagnets, Paramagnets, Fe 

i'ou ask the average pe 


etism” is, you will probably be told 
ions, compass needles, and the North Pole — none of 
nection with moving charges or current-carrying wires. 

5 of magnetic material on an atomic scale you would 
s orbiting around nuclei and spinning about their axes. 
For macroscopic purposes, these current loops are so small that we may treat them 
as magnetic dipoles. Ordinarily, they cancel each other out because of the random 

these magnetic dipoles occurs, and the medium becomes magnetically polarized. 




ways in the s 


magnetization parallel to B (paramagnets) and some 
ts). A few substances (called ferromagnets, in defer- 
example, iron) retain their magnetization even after the 
noved — for these, the magnetization is not determined 
the whole magnetic “history” of the object. Permanent 
the most familiar examples of magnetism, but from a 
hey are the most complicated; I’ll save ferromagnetism 


6.1 .2 ■ Torques and Forces on Magnetic Dipoles 

A magnetic dipole experien^ » : - 

dipole does in an electric fiel 


magnetic field, just as an electric 




as indicated in Fig. 6.1, 

lity here; but if you prefer to start from scratch with 
>.2.) Center the loop at the origin, and tilt it an angle 
y axis (Fig. 6.2). Let B point in the z direction. The 
s cancel (they tend to stretch the loop, but they don t 
























so, inside the wire, 

H =2^* ^ 

Outside the wire 

In the latter region (as always, in empty space) M = 0, so 
B = moH = i (s > *), 
the same as for a nonmagnetized wire (Ex. 5.7). Inside the w: 


(6.21) 

(6.22) 
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Electrodynamics 


7.1 ■ ELECTROMOTIVE FORCE 
7.1.1 ■ Ohm's Law 

To make a current flow, you have to push on the charges. How fast they move, 
in response to a given push, depends on the nature of the material. For most sub- 
stances, the current density J is proportional to the force per unit charge, f: 

J = uf. (7.1) 

The proportionality factor a (not to be confused with surface charge ) is an empir- 
ical constant that varies from one material to another; it’s called the conductivity 
of the medium. Actually, the handbooks usually list the reciprocal of a , called 
the resistivity: p=\/<r (not to be confused with charge density— I m sorry, but 
we’re running out of Greek letters, and this is the standard notation). Some typical 
values are listed in Table 7.1 . Notice that even insulators conduct slightly, though 
the conductivity of a metal is astronomically greater; in fact, for most purposes 
metals can be regarded as perfect conductors, with a = oo, while i : insulators 

In principle, the force that drives the charges to produce the current could be 
anything — chemical, gravitational, or trained ants with tiny harness. For our 
purposes, though, it’s usually an electromagnetic force that does the job. In this 
case Eq. 7.1 becomes 

J = tr(E + vxB). (7-2) 

Ordinarily, the velocity of the charges is sufficiently small that the second term 


| J = oE. | (7-3) 

(However, in plasmas, for instance, the magnetic contribution to f can be signif- 
icant.) Equation 7.3 is called Ohm’s law, though the physics behind it is really 
contained in Eq. 7.1, of which 7.3 is just a special case. 

I know: you’re confused because I said E = 0 inside a conductor (Sect. 2.5.1)- 
But that’s for stationary charges (J = 0). Moreover, for perfect conductors 
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an eraf -d ® /dt Indeed, one can subsume all three cases (and for that matter any 
combination of them) into a kind of universal flux rule: 

Whenever (and for whatever reason) the magnetic flux through a 
loop changes, an emf 



will appear in the loop. 

Many people call this “Faraday’s law.” Maybe I’m overly fastidious, but I find this 
confusing. There are really two totally different mechanisms underlying Eq. 7.17, 
and to identify them both as “Faraday’s law” is a little like saying that because 
identical twins look alike we ought to call them by the same name. In Faraday’s 
first experiment it's the Lorentz force law at work; the emf is magnetic. But in the 
other two it’s an electric field (induced by the changing magnetic field) that does 
the job. Viewed in this light, it is quite astonishing that all three processes yield 
the same formula for the emf. In fact, it was precisely this “coincidence ” that led 
Einstein to the special theory of relativity— he sought a deeper understanding of 
what is, in classical electrodynamics, a peculiar accident. But that’s a story for 
Chapter 12. In the meantime, I shall reserve the term “Faraday’s law” for electric 
fields induced by changing magnetic fields, and I do not regard Experiment 1 as 
an instance of Faraday’s law. 

Example 7.5. A long cylindrical magnet of length L and radius a carries a uni- 
form magnetization M parallel to its axis. It passes at constant velocity v through 
a circular wire ring of slightly larger diameter (Fig. 7.22). Graph the emf induced 
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Intermission 


first seven chapters we assembled electrodynamics piece by piece, and now, with 
Maxwell’s equations in their final form, the theory is complete. There are no 
more laws to be learned, no further generalizations to be considered, and (with 
perhaps one exception) no lurking inconsistencies to be resolved. If yours is a 
one-semester course, this would be a reasonable place to stop. 

But in another sense we have just arrived at the starting point. We are at last 
in possession of a full deck — it’s time to deal. This is the fun part, in which one 
comes to appreciate the extraordinary power and richness of electrodynamics. In 
a full-year course there should be plenty of time to cover the remaining chapters, 
and perhaps to supplement them with a unit on plasma physics, say, or AC circuit 
theory, or even a little general relativity. But if you have room for only one topic. 
I’d recommend Chapter 9, on Electromagnetic Waves (you’ll probably want to 
skim Chapter 8 as preparation). This is the segue to Optics, and is historically the 
most important application of Maxwell’s theory. 


CHAPTER 


8 


Conservation Laws 


8.1 ■ CHARGE AND ENERGY 
8.1.1 ■ The Continuity Equation 

In this chapter we study conservation of energy, momentum, and an : nlar momen- 
tum, in electrodynamics. But I want to begin by reviewing the conservation of 
charge, because it is the paradigm for all conservation laws. What precisely does 
conservation of charge tell us? That the total charge in the universe is constant? 
Well, sure— that’s global conservation of charge. But local conservation of charge 
is a much stronger statement: If the charge in some region changes, then exactly 
that amount of charge must have passed in or out through the surface. The tiger 
can’t simply rematerialize outside the cage; if it got from inside to outside it must 
have slipped through a hole in the fence. 

Formally, the charge in a volume V is 

Q(t) = jp(T,t)dx , ( 8 . 1 ) 

and the current flowing out through the boundary S is <f s J • r/a. s • local conser- 



ving Eq. 8. 1 to rewrite the left side, and invoking the divergence theorem on the 

l% dT =-l v * ldT - 


| = - V .j. (8.4) 


This is the continuity equation— the precise mathematical statement of lo- 
cal conservation of charge. It can be derived from Maxwell’s equations— 
conservation of charge is not an independent assumption; it is built into the laws 


356 








359 


applications of the Poynting vector in Chapters 9 and 1 1 , but for the moment I am 
mainly interested in using it to express Poynting’s theorem more compactly: 



What if no work is done on the charges in V— what if, for example, we are in 
a region of empty space, where there is no charge? In that case dW/dt = 0, so 

/|* = -/sda = -/ ( V.S)dr, 


(8.12) 


This is the “continuity equation” for energy— u (energy density) plays the role of 
p (charge density), and S takes the part of J (current density). It expresses local 
conservation of electromagnetic energy. 

In general, though, electromagnetic energy by itself is not conserved (nor is 
the energy of the charges). Of course not! The fields do work on the charges, and 
the charges create fields — energy is tossed back and forth between them. In the 
overall energy economy, you must include the contributions of both the matter 
and the fields. 


Example 8.1. When cutrent flows down a wire, work is done, which show: 
as Joule heating of the wire (Eq. 7.7). Though there are certainly easier way 
do it, the energy per unit time delivered to the wire can be calculated using 
Poynting vector. Assuming it's uniform, the electric field parallel to the wire is 



where V is the potential difference between the ends and L is the length of the 
wire (Fig. 8.1). The magnetic field is “circumferential”; at the surface (radius a) 
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the upper loop (and the energy in the fields) altogether. 

In both these models, the magnet itself was stationary. That’s like lifting a 
paper clip by holding a magnet over it. But in the case of the magnetic crane, the 
car stays in contact with the magnet, which is attached to a cable that lifts the 
whole works. As a model, we might stick the upper loop in a big box, the lower 
loop in a little box, and crank up the currents so the force of attraction is much 

box and pull up on it (Fig. 8. 1 1 ). 

The same old mechanism (Ex. 5.3) prevails: as the lower loop rises, the mag- 
netic force tilts backwards; its vertical component lifts the loop, but its horizontal 
component opposes the current, and no net work is done. This time, however, the 
motional emf is perfectly balanced by the Faraday emf fighting to keep the current 
going— the flux through the lower loop is not changing. (If you like, the flux is 
increasing because the loop is moving upward, into a region of higher magnetic 
field, but it is decreasing because the magnetic field of the upper loop— at any give 
point in space— is decreasing as that loop moves up.) No power supply is needed 
to sustain the current (and for that matter, no power supply is required in the upper 
loop either, since the energy in the fields is not changing. Who did the work to lift 
the car? The person pulling up on the rope, obviously. The role of the magnetic 
field was merely to transmit this energy to the car, via the vertical component of 











CHAPTER 


9 


Electromagnetic Waves 


9.1 ■ WAVES IN ONE DIMENSION 
9.1 .1 ■ The Wave Equation 

What is a “wave”? I don’t think I can give you an entirely satisfactory wer the 
concept is intrinsically somewhat vague — but here’s a start: A wave . a distur- 

locity. Immediately I must add qualifiers: In the presence of absorptr n. the wave 
will diminish in size as it moves; if the medium is dispersive, differei : t f tequencies 
travel at different speeds; in two or three dimensions, as the wave spreads out, its 
amplitude will decrease; and of course standing waves don’t propagate at all. But 
these are refinements; let’s start with the simple case: fixed shape, constant speed 
(Fig. 9.1). 

How would you represent such an object mathematically? In the :■ _ure, I have 
drawn the wave at two different times, once at t = 0, and again at some later 
time t — each point on the wave form simply shifts to the right by an amount vt, 
where u is the velocity. Maybe the wave is generated by shaking one end of a taut 
string; f(z, t) represents the displacement of the string at the point z, at time I. 
Given the initial shape of the string, g(z) = f(z, 0), what is the subsequent form, 
/(z, t)? Well, the displacement at point z, at the later time r, is the same as the 
displacement a distance vt to the left (i.e. at z - vt), back at time t = 0: 

f(z,t) = f(z~vt.0)=g(z-vt). (9-1) 

That statement captures (mathematically) the essence of wave motion. It tells us 
that the function / (z, (), which might have depended on z and 1 many old way, 
in fact depends on them only in the very special combination z — vt ; when that 
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FIGURE 9.1 
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polarization: you can shake the string up-and-down (“vi 
Fig. 9.8a), 

or left-and-right (“horizontal” polarization — Fig. 9.8b), 

or along any other direction in the xy plane (Fig. 9.8c): 

f(z,r) = Ae ,<l!_ "' l n. 

The polarization vector n defines the plane of vibration. 2 



9.2 ■ ELECTROMAGNETIC WAVES IN VACUUM 
9.2.1 ■ The Wave Equation for E and B 


They constitute a set of coupled, first-order, partial differential equal 
and B. They can be decoupled by applying the curl to (m) and (tv): 































































9:5 Guided Waves 
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Problem 9.31 Work out the theory of Tf 
particular, find the longitudinal electric f 
and group velocities. Find the ratio of the 
TE cutoff frequency, for a given wave | 






FIGURE 9.26 








CHAPTER 


Potentials and Field' 


■ THE POTENTIAL FORMULATION 


In this chapter we seek the general solution to Maxwell’s t 


Given p(r, r) and J(r, t), what are the fields E(r, r) and B(r, t) 7 ' i the static case, 
Coulomb’s law and the Biot-Savart law provide the answer. W ! i . ■ we’re looking 
for, then, is the generalization of those laws to time-dependent configurations. 
This is not an easy problem, and it pays to begin by representing the fields 
in terms of potentials. In electrostatics V x E = 0 allowed us t o write E as the 
gradient of a scalar potential: E = -VV. In electrodynamics this is no longer 
possible, because the curl of E is nonzero. But B remains divergenceless, so we 


in magnetostatics. Putting this into Faraday’s law (iii) yields 


therefore I 











as well (Eq. 10.3). Somehow it is built into the vector potential (in the Coulomb 
luge) that whereas V instantaneously reflects all changes in p, the combination 
VV — (dA/dt) does not ; E will change only after sufficient time has elapsed 

























1 0.3 ■ POINT CHARGES 
10.3.1 ■ Lienard-Wiechert Potentials 


point charge q that is n 


he (retarded) potentials, V(r, t) 


w (t) = position of q at time t. 
jrmula (Eq. 10.26) 

ight suggest to you that the potential is simply 


retarded position of the charge). But this is wrong, for a very subtle rer 


J pW.U 


(10.41) 
the location 


t, = t—'r/c, oblige 
configuration. If the 
charge. You might t 


cle (and depends, through i 
il charge of a configuration, you must inte- 
e distribution at one instant of time, but here the retardation, 
us to evaluate p at different times for different parts of the 
jource is moving, this will give a distorted picture of the total 
ink that this problem would disappear for point charges, but 
ill’s electrodynamics, formulated as it is in terms of charge 
, a point charge must be regarded as the limit of an extended 













it’s begin with the gradient of 






cceleration of tl 
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solutions has an even more unpleasant consequence: If you do apply an external 
force, the particle starts to respond before the force acts! (See Prob. 11.1 9.) This 
acausal preacceleration lumps the gun by only a short time r; nevertheless, it is 
(to my mind) unacceptable that the theory should countenance it at a ! 

Example 11.4. Calculate the radiation damping of a charged partic !e attached 
to a spring of natural frequency o>q, driven at frequency co. 

Solution 

The equation of motion is 


Therefore 

mx+myx + mc4x = F* Mnt , (11.83) 

and the damping factor y is given by 

(When I wrote Fd™ P in 8 = -ymv, back in Chap. 9 (Eq. 9.152), I assumed for 
simplicity that the damping was proportional to the velocity. We now know that 




















CHAPTER 


12 


Electrodynamics and Relativity 


12.1 ■ THE SPECIAL THEORY OF RELATIVITY 
12.1.1 ■ Einstein's Postulates 

Classical mechanics obeys the principle of relativity: the same laws apply in 

moving with constant velocity. 1 Imagine, for example, that you have loaded a 
billiard table onto a railroad car, and the train is going at constant speed down 
a smooth straight track. The game will proceed exactly the same as it would 
if the train were parked in the station; you don’t have to “correct’ your shots 
for the fact that the train is moving— indeed, if you pulled all the curtains, you 
would have no way of knowing whether the train was moving or not. Notice 
by contrast that you know immediately if the train speeds up. or slows down, 
or rounds a comer, or goes over a bump— the billiard balls roll in weird curved 
trajectories, and you yourself feel a lurch and spill coffee on your shirt. The 
laws of mechanics, then, are certainly not the same in accelerating reference 
frames. 

In its application to classical mechanics, the principle of relativity is hardly 
new; it was stated clearly by Galileo. Question: does it also apply to the laws of 
electrodynamics? At first glance, the answer would seem to be no. After all,ja 

charge carried along by the train would generate a magnetic field, but someone on 
the train, applying the laws of electrodynamics in that system, would predict no 
magnetic field. In fact, many of the equations of electrodynamics, starting with 
the Lorentz force law, make explicit reference to “the” velocity of the charge. 
It certainly appears, therefore, that electromagnetic theory presupposes the exis- 
tence of a unique stationary reference frame, with respect to which all velocities 
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FIGURE 122 


matter, because light travels so inconveniently fast. If it weren’t for that “technical 
detail,” you could do it with a flashlight and a stopwatch. As it happened, an 
elaborate and lovely experiment was devised by Michelson and Morley, using an 
optical interferometer of fantastic precision. I shall not go into the details here. 

all Michelson and Morley were trying to do was compare the speed of light in 
different directions, and (2) what they in fact discovered was that this speed is 


nd how utterly perplexing 


Nowadays, when students art 
the ether model, it takes soon 
this result must have been at t 
waves on a string) travel at a prescribed speed relative to the propagating me 


the next 20 years, a series of improbable 
to explain why this does i * 1 ' ' " 

interpreted ' 


the earth somehow pulls the ether along with it. Bui 
ent with other observations, notably the aberration 


f the “ether drag” hypothesis, which 









the front end (and maybe a buzzer goes off) and (b) light 
However, to an observer on the ground these same two 




The Special Theory, 


made on the train.) On the other hand, 
must travel farther, because the train 
his distance is yjh 1 4- (vAt) 2 so 

-N /^+(t>Ar) 2 

Solving for At, we have 


(1 11 use an overbar i 

as observed from the ground, this same ray 

itself is moving. From Fig. 12.7, ! see that t 


Evidently the time elapsed between the same two events— 
and (b) light strikes center of floor— is different for the two , 
interval recorded on the train clock, At, is shorter by the factor 


(12.5) 
light leaves bulb. 


lation than time dilation. Most elementary particles are unstable: they 
after a characteristic lifetime 6 that varies from one species to the next. 
; of a neutron is 15 min; of a muon, 2 x 10 -6 s; and of a neutral pion, 
. But these are lifetimes of particles at rest. When particles are mov- 








stayed at home. Question: How old is each twin at their reunion? 

Solution 

The traveling twin has aged 10 years (5 years out, 5 years back); she arrives at 
home just in time to celebrate her 31st birthday. However, as viewed from earth, 
the moving clock has been running slow by a factor 



The time elapsed on earthbound clocks is y x 10 = 26, and her brother will be 
therefore celebrating his 47th birthday— he is now 16 years older than his twin sis- 



































Chapter 12 Electrodynamics and Relativity 


She departed one day, 

And returned on the previous night. 


she set out? Could she arrive at some intermediate destination before h set out? 
Draw a space-time diagram representing this trip. 

Problem 12.23 Inertial system S moves in the x direction at speed ; iative to 
system S. (The x axis slides long the x axis, and the origins coincide at r = t = Q, 
as usual.) 

(a) On graph paper set up a Cartesian coordinate system with axes ct and > . Care- 
fully draw in lines representing .v = -3, -2, - 1 , 0, 1, 2, and 3. Also draw in 
the lines corresponding to ct = -3, -2, —1, 0, 1,2, and 3. Label your lines 


12.2 ■ RELATIVISTIC MECHANICS 
12.2.1 ■ Proper Time and Proper Velocity 

As you progress along your world line, your watch runs slow; while the clock on 
the wall ticks off an interval dt, your watch only advances dr : 

(I’ll use u for the velocity of a particular object— you, in this instance— and 
reserve v for the relative velocity of two inertial systems.) The time r your watch 


registers (or, more generally, the time associated with the moving object) is called 
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In the classical analysis of such a collision, we say that kinetic energy was 
converted into thermal energy — the composite lump is hotter than the two col- 
liding pieces. This is, of course, true in the relativistic picture too. But what is 
thermal energy? It’s the sum total of the random kinetic and potential energies of 
all the atoms and molecules in the substance. Relativity tells us that these internal 
energies are represented in the mass of the composite object: a hot potato is heav- 
ier than a cold potato, and a compressed spring is heavier than a relaxed spring. 
Not by much, it’s true — internal energy (U) contributes an amount U/c 2 to the 
mass, and c 2 is a very large number by everyday standards. You could never get 
two lumps of clay going anywhere near fast enough to detect the nonconservation 
of mass in their collision. But in the realm of elementary particles, the e : feet can 
be very striking. For example, when the neutral pi meson (mass 2.4 x ill 28 kg) 
decays into an electron and a positron (each of mass 9.1 1 x 10 -31 kg), the rest 
energy is converted almost entirely into kinetic energy— less than 1% of the orig- 


apply a force to it (F = ma), and hence (by Newton’s third law) it couldn’t ex- 
ert a force on anything else— it’s a cipher, as far as physics is concerned. You 

proportional to m. However, a closer inspection of Eqs. 12.46 and 12.49 reveals 
a loophole worthy of a congressman: If u = c, then the zero in the numerator 
is balanced by a zero in the denominator, leaving p and E indeterminate (zero 
over zero). It is just conceivable, therefore, that a massless particle could carry 
energy and momentum, provided it always travels at the speed of light. Although 










the third law is incompatible with the relativity of simultaneity. For sun' se the 
force of A on B at some instant t is F(r), and the force of B on A at the ; .me in- 
stant is — F(t); then the third law applies in this reference frame. But a ■ oving 
observer will report that these equal and opposite forces occurred at afferent 
times; in his system, therefore, the third law is violated. Only in the case of con- 
tact interactions, where the two forces are applied at the same physical ; ,t (and 
in the trivial case where the forces are constant) can the third law be relamed. 

Because F is the derivative of momentum with respect to ordinary time, it 
shares the ugly behavior of (ordinary) velocity, when you go from one inertial 
system to another: both the numerator and the denominator must be trans anted. 



and similarly for the z component: 


The x component is even worse: 



Y c c dt 

We calculated dE/dt in Eq. 12.63; putting that in, 

- F x — /S(u-F)/c (12 66) 

1 - fiu x /c 

In one special case these equations are reasonably tractable: If the particle is (in- 
stantaneously) at rest in S, so that u = 0, then 







ch the energy of the particle 






Thus a magnetic dipole a, res. in an electric field eat 
though it is not moving! This so-called hidden mom 
and purely mechanical; it precisely cancel the electrt 


12.3 ■ RELATIVISTIC ELECTRODYNAMICS 
12.3.1 ■ Magnetism as a Relativistic Phenomenf 


ti special relativity. Maxwe 


dynamics. Having corrected 1* 
develop a complete and cons 
I emphasize that we will not be changing the rules of electrodynam 








































)IX 


Vector Calculus in Curvilinear 
Coordinates 


A.1 ■ INTRODUCTION 


In this Appendix I sketch proofs of the three fundamental theorems of vector 
calculus. My aim is to convey the essence of the argument, not to track down every 
epsilon and della. A much more elegant, modem, and unified— but necessarily 
also much longer— treatment will be found in M. Spivak's book. Calculus on 
Manifolds (New York: Benjamin, 1965). 

For the sake of generality, I shall use arbitrary (orthogonal) curvilinear co- 
ordinates («. v. w), developing formulas for the gradient, divergence, curl, and 
Laplaeian in any such system. You can then specialize them to Cartesian, spheri- 
cal. or cylindrical coordinates, or any other system you might wish to use. If the 
generality bothers you on a first reading, and you’d rather stick to Cartesian co- 
ordinates. just read (,r, y. :) wherever you see (u, », ut), and make the associated 
simplifications as you go along. 


A.2 ■ NOTATION 


We identify a point in space by its 
dan system, (.r, v, :); in the spheric 
[J.*.z)).ls ‘ 


three coordinates, u, v. and u> (in the Carte- 
........ ;al system, (r, 0, 0); in the cylindrical system, 

■ system is orthogonal, in the sense that the three unit 
__jg in the direction of the increase of the corresponding 

c^rdinares’^ mutually perpendicular 

of position, since their directions . . d -_j particular, the in- 


< n=fdu&+gd'’S+ hda *- 


,d h are functions of position ^ = ^ = jn spn 


characteristic of the particular coor- 
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FIGURE A.l 


3 ■ GRADIENT 



this is a standard theorem on partial differentiation. 1 We can write it a 
product, 

dt = Vtd\ = ( Vf ) M fdu + (Vf)» g dv + (Vf)» h dw. 


provided we define 

(V0,= ~. (Vr).-i" (V0» = ~- 

/ 3m g dv h dw 



If you now pick the appropriate expressions for /, g, and h from Table A. 
can easily generate the formulas for V/ in Cartesian, spherical, and cylin 
coordinates, as they appear inside the front cover of the book. 


System u v w f g h 

Cartesian x y z 11 1 

Spherical r 6 (J> 1 r rsin0 

Cylindrical s <f> z \ s 1 


TABLE A.l 
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APPENDIX 


B 


The Helmholtz Theorem 


Suppose we are told that the divergence of a vector function F(r) is a specified 
scalar function £>( r): 


V • F = D, (B.l) 

and the curl of F(r) is a specified vector function C(r): 

V x F = C. (B.2) 

For consistency, C must be divergenceless, 

VC = 0, (B.3) 

because the divergence of a curl is always zero. Question: can we, on the basis 
of this information, determine the function F? If D(r) and C(r) go to zero suffi- 
ciently rapidly at infinity, the answer is yes, as I will show by explicit construction. 
I claim that 

F = -V(/ + VxW, (B-4) 


*<»-£ jm dT . ( b . 5 ) 

W(r) —dr 1 - (B.6) 

the integrals are over all of space, and, as always, * = |r — r'|. For if F is given 
by Eq. B.4, then its divergence (using Eq. 1.102) is 

VF = -V 2 I/ = -^ J ov2 (^) dr' = I D(r')« 3 (r-r')dr' = D(r). 

(Remember that the divergence of a curl is zero, so the W term drops out, and 
note that the differentiation is with respect to r, which is contained in*.) 

So the divergence is right; how about the curl? 

V x F = V x (V x W) = -V 2 W + V(V • W). (B.7) 
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Appendix C Units 


SI 

Gaussian 

Maxwell’s equations 



V E = — p 

V • E = Anp 



V x E = --9B/9/ 

In general: 

V ■ B = 0 

V • B = 0 


V x B = MoJ + Ho€odE/dt 

V x B = — J + - E In 


v D = Pf 

V • D = 4zr>o/ 


V x E = — 3B/3t 

V x E = --9B/9f 

In matter: 

V B = 0 

V • B = 0 


V X H = S, + 3D/3 1 

V x H = — J j 

I) and H 

Definitions: j 

| D = e 0 E + P 

1 H= i B_M 

D = E + 4ttP 

H = B-4^M 


| P = eoX.E, D = fE 

P = X.E, D = i 

Linear media: j 

| M = x,„H, H = Ib 

M = x,„H, H = ‘ B 

Lorentz force law F 

r = q(E + v x B) 

F = 9 (e+- xb) 

Energy and power 

Energy: U= \j ( f ° £2 + dX 

u = hj (£2+fl2) dx 

Poynting vector: S 

! = -L(E x B) 

S = ^(ExB) 

T r , , 

5 _ 1 2 ?V 

„ 2«y 


4jrr 0 3 c’ 

3 c’ 


TABLE C.2 Fundamental Equations in SI and Gaussian Units. 



















BASIC EQUATIONS OF ELECTRODYNAMICS 


Maxwell’s Equations 


[ V x B = fioi •+- 

Auxiliary Fields 
Definitions : 

{D = e 0 E + P 
H = -jj-B - M 

Potentials 


Lorentz force law 


V x E= - — 

V - B = 0 


Linear media : 

P = e 0 X<E, D = eE 
M = x„H, H = -B 


V -— , B = V x A 


F = q(E + vxB) 
imentum, and Power 

Energy: U = \J ( € ° £2 + 

Momentum : P = e 0 /(E x B) dx 

Poynting vector : S = — (E x B) 


FUNDAMENTAL CONSTANTS 


= 8.85xlO- 12 C 2 /Nm 2 
= 4jr x 10- 7 N/A 2 
= 3.00 x 10 8 m/s 
= 1.60 X 10 -19 C 
= 9.11 xl0“ 3l kg 


(permittivity of free space) 
(permeability of free space) 
(speed of light) 

(charge of the eletfron) 


SPHERICAL AND CYLINDRICAL COORDINATES 


Spherical 



rsin0cos0 



: sin0cos0r + cos0cos00 — sin 00 
■■ sin 4 sin 0r + cos0sin 0# + cos 0 0 



I r = sin 0cos0x + sin 0sin0y + cos0 2 
0 = cos0eos0x + cos0sin0y- sin 0z 
0 = -sin0x + cos0y 


x = cos 0s — sin 00 
y = sin 0S + COS00 




